In this paper, we exhibited the ground and excited state masses of doubly heavy Ω baryons. For this purpose, we have analytically solved the sixdimensional radial Schrödinger equation for three identical particles with the hypercentral potential by using the Ansatz method. The hypercentral potential is considered as a combination of the hypercoulomb, linear confining, and the harmonic oscillator terms which has a two-body character and turns out to be exactly hypercentral. We also incorporated the first order correction and the spin-dependent part to the confinement potential. Our calculations have been performed for the radial excited states as well as orbital excited states masses of Ω cc , Ω bb and Ω bc baryons. The obtained masses are compared with other theoretical predictions, which could be a useful tool for the interpretation of experimentally unknown doubly heavy baryons spectrum.
Introduction
Baryons are strongly interacting fermions made up of three quarks. Singly heavy baryons have one heavy quark and two light quarks. Doubly heavy baryons, with two heavy quarks and one light quark, are expected to exist in QCD and their masses have been predicted in the quark model. Ω baryons have a light strange quark with two heavy quarks (c and b) [1] . In the last years, experimental and theoretical outcomes have been used in studying the heavy baryons. A lot of new experimental results have been reported by different collaborations including CLEO, Belle, BaBar and LHCb [2, 3] on ground and many new excited states of heavy flavour baryons. The Particle Data Group (PDG) listed 20 known charm baryons [4] . The experimental evidence comes for Ξ + cc (containing two charm quarks) with a mass of ∼ 3 520 MeV/c 2 by the SELEX experiment, and LHCb has determined the five excited states of Ω c baryon and the ground state of Ξ + cc baryon [4] [5] [6] [7] . Recently, various phenomenological approaches have been used to study the doubly heavy baryons including relativistic quark model [8] , the chiral unitary model [9] , the extended local hidden gauge approach [10] , the relativistic fluxtube (RFT) model [11] , the Hamiltonian model [12] , Regge phenomenology [13] , QCD sum rule [14, 15] , etc.
The nonrelativistic constituent quark models (CQM) among them have also yielded good results studying the baryons static properties [16, 17] , such as the baryon spectrum [1, 8, 12, [18] [19] [20] , the magnetic moments, the photocouplings [21, 22] , the electromagnetic form factors [23] and the strong decay amplitudes. The spectrum of baryon is usually well-described. However, the various models are quite different. It is necessary to note that the study of hadron spectroscopy is not enough to distinguish the different forms of quark dynamics. To do so, we need to study in a consistent way all the physical observables of interest. This systematic study of baryon properties is better done using a general framework. Here, a hypercentral approach to quark dynamics can be applied [24, 25] . As proposed by lattice QCD calculations [26, 27] , the model comprises a hypercentral quark interaction involving a linear plus Coulomb-like term. The hCQM scheme can be used for baryons, which is an average two-body potential for the three-quark system over the hyperangle and performs quite well. Our study here is also based on the hypercentral constituent quark model (hCQM). Since the solution of the hyper-radial Schrödinger equation with the Cornell potential cannot be obtained analytically [23] , therefore, we added the harmonic oscillator terms which has a two-body character and turns out to be exactly hypercentral [2, 4, 18] . In fact, we have used a modified version of the original model with only hypercoulomb and linear confinement in the hyper-radious [2] . We also added the first order correction and the spin-dependent part to the potential, and calculations for doubly heavy Ω baryons masses have been performed by solving six-dimensional hyper-radial Schrödinger equations by using the Ansatz method. We have obtained the mass spectra of radial excited states up to 5S and orbital excited states for 1P -5P , 1D-4D and 1F -2F states.
This paper is organized as follows: after the introduction of doubly heavy baryons, the hCQM and the interaction potentials between three quarks in baryons are explained in Sec. 2. In Sec. 3, we present the quasi-exact analytical solution of the radial Schrödinger equation for our proposed potential. In Sec. 4, our masses spectra results are given compared with other predictions. Our concluding remarks are given in Sec. 5.
The hypercentral model and hypercentral potential
In this paper, the hypercentral Constitute Quark Model (hCQM) has been used to generate the mass spectrum of doubly heavy baryons. The brief description of hCQM model is as follows.
By considering baryon as a three-body system, in the center-of-mass frame (R cm = 0), the internal quark motion is described by the Jacobi coordinates, ρ and λ [28] , defined as:
The respective reduced masses are given by
Here, m 1 , m 2 and m 3 are the constituent quark masses. The angles of the hyperspherical coordinates are given by Ω ρ = (θ ρ , φ ρ ) and Ω λ = (θ λ , φ λ ). In order to describe the three-quark dynamics, we define hyper-radius x and hyperangle ξ in terms of the absolute values ρ and λ of the Jacobi coordinates [29] as
In the present paper, the confining three-body potential is regarded as a combination of three hypercentral interacting potentials. First, the sixdimensional hypercoulomb potential [30, 31] which is attractive for small separations
while at large separations, a hyperlinear term gives rise to quark confine-
β corresponds to the string tension of the confinement [32] . Third, the sixdimensional harmonic oscillator potential, which has a two-body character, and turns out to be exactly hypercentral since [33] 
The first order correction V (1) (x) can be written as [33] [34] [35] 
The parameters C F = 2 3 and C A = 3 are the Casimir charges of the fundamental and adjoint representation. The hypercoulomb strength τ = − 2 3 α s , 2 3 is the color factor for the baryon. α s is the strong running coupling constant, which is written as
The spin-dependent part V SD (x) is given as
(9) The spin-dependent potential, V SD (x) contains three types of the interaction terms [36] including the spin-spin term V SS (x), the spin-orbit term V γS (x) and tensor term V T (x) described in Ref. [37] . Here, S = S ρ + S λ , where S ρ and S λ are the spin vectors associated with the ρ and λ variables, respectively. The coefficient of these spin-dependent terms can be written in terms of the vector, V V (x) = τ x and scalar, V S (x) = βx + px 2 parts of the static potential as [29] 
In our model, the hypercentral interaction potential is assumed as follows [38] :
where V (0) (x) is given by
In our purposed hypercentral potential, we have six parameters: m 1 , m 2 , m 3 , τ , β and p. The baryon masses are determined by the sum of the model quark masses plus kinetic energy, potential energy and the spin-dependent interaction as [39] 
First, we will solve the Schrödinger equation via the quasi-exact analytical Ansatz approach and obtain the corresponding eigenvalues.
Quasi-exact analytical solution of the six-dimensional radial Schrödinger equation via Ansatz approach
The Hamiltonian of the three-body baryonic system in the hypercentral constituent quark model is expressed as [40] 
and the hyper-radial wave function ψ νγ (x) is determined by the hypercentral Schrödinger equation. The hyper-radial Schrödinger equation corresponding to the above Hamiltonian can be written as [1, 2, 38]
where γ is the grand angular quantum number given by γ = 2n + l ρ + l λ , n = 0, 1, . . .; l ρ and l λ are the angular momenta associated with the ρ and λ variables. ν denotes the number of nodes of the space three-quark wave function [41] . In Eq. (18), m is the reduced mass [42] which is defined as
The transformation [1, 2] 
reduces Eq. (18) to the form of
The hyper-radial wave function φ νγ (x) is a solution of the reduced Schrödi-nger equation for each of the three identical particles with the mass m and interacting potential (13) , where
We assume the following form for the wave function:
Now, we make use of the Ansatz for the h(x) and g(x) [43] [44] [45] h
where a, q, c and d are positive constants. From Eq. (23), we obtain
Comparing Eqs. (21) and (25), it can be found that
By substituting Eq. (24) into Eq. (26), we obtain the following equation:
By equating the corresponding powers of x on both sides of Eq. (27), we can obtain
Since p = mω 2 2 , we have
The energy eigenvalues for the mode ν = 0 and grand angular momentum γ from Eqs. (22) and (28) are given as follows:
Finally, for calculating the best doubly heavy baryons masses (Ω cc , Ω bb , Ω bc ) predictions, the values of m s , m c , m b , α s , ω and β (which are listed in Table I ) are selected using genetic algorithm. The cost function of genetic algorithms is the minimum difference between our calculated baryon mass and the reported baryons mass of other works.
TABLE I
The quark mass (in GeV) and the fitted values of the parameters used in our calculations. 
Results and discussions: mass spectrum
The ground and excited states of doubly heavy Ω baryons are unknown to us experimentally. Hence, we have obtained the ground and excited state masses of Ω cc , Ω bb and Ω bc (Tables II, III , IV, V and VI). These mass spectra are estimated by using the hypercentral potential Eq. (13) in the hypercentral constituent quark model. We begin with the ground state 1S and the masses are computed for both parities J P = The radial excited state masses for these three doubly heavy baryons are computed from 2S-5S and are compared with Refs. [38, 47, 48, [53] [54] [55] in Table III .
We can observe that our 2S and 3S states show a smaller difference in MeV, see Refs. [38, 47] , than other references, and for 4S and 5S states, have a difference in the range of ≈ 100 MeV comparing with Ref. [38] for Ω + cc . Our calculations for 2S and 3S states of Ω − bb are close to Refs. [38, 48] and for 4S and 5S states, have a difference in the range of ≈ 150 MeV comparing with Ref. [38] . In the case of Ω bc , we can observe that our 2S, 3S, 4S and 5S state masses with J P = To calculate the orbital excited state masses (1P -5P , 1D-4D, 1F -2F ), we have considered all possible isospin splitting and all combinations of total spin S and total angular momentum J. Our outcomes and the comparison of masses with other approaches are also tabulated in Tables IV, V and VI. [38] . Our 5P states masses are higher than those in Ref. [38] in the range of ≈ 190 MeV.
Our outcome for 1D state J P = + with Ref. [38] . Our result for 1F state J P =
2
− is 30 MeV lower than in Ref. [61] and for the 1F -2F states J P = 9 2 − are 18 and 100 MeV higher than in Ref. [38] . For the ground and excited states of doubly heavy baryons (Ω cc ), the minimum and maximum percentage of relative error values are 0.03% and 3.662% between our calculations and the masses reported by Shah et al. [38] . Our estimated orbital excited masses of Ω bb , 1P state have difference in the range of ≈ 300 MeV with other predictions. Our 2P state J P = show only 1 and 8 MeV difference with Ref. [38] . The reported mass of Ref. [53] for J P = 5 2 − state is 52 MeV lower than our prediction. Our 4P -5P , [38] predictions in the range of ≈ 80 MeV. Our calculated masses for 3D and 4D states have difference in the range of ≈ 20 and ≈ 100 MeV lower than in Ref. [38] . Moving to 1F state J P = Comparing our findings with the masses reported by Shah et al. [38] , the minimum and maximum percentage of relative error values are 0.001% and 10.87% for the ground and excited states of doubly heavy baryons Ω bb .
The orbital mass spectrum of the third doubly heavy baryon, Ω bc , is predicted by Shah et al. [38] for the first time, as they believed. We also have not considered the diquark mechanism in our model and calculated orbital mass spectrum for the Ω bc baryon. In the case of the doubly heavy baryon, Ω bc , our outcomes for the orbital excited masses are compared and discussed with Shah et al. [38] predictions in the following paragraph.
Our results for 1P states are different from their predictions in the range of ≈ 90 MeV. We can easily observe that our calculations for 2P , 1D-2D and 1F -2F states match with Shah's predictions. Our calculated masses for 3P -5P states are approximately 150, 170 and 150 MeV lover than their findings, respectively. Our results for 3D and 4D states are higher than their calculations, respectively, in the range of ≈ 90 and 70 MeV. Comparing our calculations with the masses reported by Shah et al. [38] , the minimum and maximum percentage of relative error values are 0.027% and 7.329% for the ground and excited states of doubly heavy baryons Ω bc .
Conclusion
In this study, we have computed the mass spectra of ground and excited states for doubly heavy Ω baryons by using a hypercentral constituent quark model. For this purpose, we have analytically solved the radial Schrödinger equation for three identical interacting particles under the effective hypercentral potential by using the Ansatz approach. Our proposed potential is regarded as a combination of the Coulomb-like term plus a linear confining term and the harmonic oscillator potential. We also added the first order correction and the spin-dependent part to the potential. Our model has succeeded to assign the J P values to the exited states of doubly heavy baryons (Ω cc , Ω bb , Ω bc ). Comparison of the results with other predictions revealed that they are in agreement and our proposed model can be useful for investigating the doubly heavy baryons states masses. For example, for the ground, radial and orbital excited states masses of doubly heavy Ω baryons, the minimum and the maximum percentage of relative error values are 1% and 6% between our calculations and the masses reported by Shah et al. [38] . As the final point, it should be clearly stated that the approach, despite its valuable predictions and results, does have its limitations including using the quasi-exact solutions and the fit process.
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